The optimal design of asymmetric quantum well structures for generation of entangled photons in the mid-infrared range by spontaneous parametric downconversion is considered, and the efficiency of this process is estimated. Calculations show that a reasonably good degree of entanglement can be obtained, and that the optical interaction length required for optimal conversion is very short, in the few µm range.
Introduction
Generation of entangled photons, and of heralded single photons, is a very important ingredient in a variety of quantum information technologies. Experimental implementation of these techniques, using optics, requires a reliable source of correlated/entangled and single photons. This is usually implemented 5 by the spontaneous parametric downconversion (SPDC) process in a nonlinear optical medium with non-zero second order susceptibility, where the pump photon gets split into a 'signal' and 'idler' photon. The twin photons are usually polarisation-entangled. However, one can also use the spectral (frequency) entanglement of the photon pair.
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In the visible or near-infrared wavelength range, the commonly used materials for this purpose are nonlinear optical crystals like lithium niobate, which have relatively large nonresonant nonlinear susceptibility. There are bulk materials which are good in the mid-infrared range, however at these longer wavelengths one can also take advantage of much larger resonant nonlinearities achievable This type of SPDC is also known as type-0 parametric process. Here we consider 25 the design of high efficiency entangled photon sources by optimizing the profile of semiconductor quantum wells so to obtain maximal second order nonlinear susceptibility, and consider the efficiency of spectrally entangled twin photon generation.
SPDC generation of twin photons in quantum wells
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The SPDC process is illustrated in Figure 1 . The photon-pair generation is a second order nonlinear process in which a pump photon with frequency ω p is spontaneously converted into two photons with lower energy, called signal and idler photons, with frequencies ω s and ω i respectively. The process is allowed in materials with non-zero second order susceptibility. Generally, resonantly 35 enhanced susceptibility in quantum wells is accompanied by a large absorption, which in its own right, unrelated to phase-matching issues, leads to a limited useful interaction length in such structures.
Since SPDC is a second order nonlinear process, the polarization of SPDC is defined by Eq. (1)
The second-order nonlinear susceptibility (χ (2) ) is calculated as [1, p. 174]:
where ω p and ω q are the input, and ω p + ω q the output photon frequencies, and Γ ij are the linewidths. The total electron density is N , and N ρ 
which contains the nonparabolic (energy-dependent) effective mass. This is then recast into the conventional dipole matrix element, to be used in Eq. (2), according to:
and this can be checked to be independent on the choice of the coordinate origin.
Optimization of Heterostructure for SPDC
Structural optimization for SPDC aims to find the global maximum of χ Since an extensive search over the parameter space is too demanding even for the simplest, double QW structure which has the two well widths and the barrier width describing its shape, we have used a genetic algorithm to find the global maximum of χ (2) . This starts with an arbitrary DQW (or MQW) structure, and
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varies the layer widths, one at a time, initially with a large step length (50Å), in order to perform the initial 'scan' of the parameter space, and keeps twenty best structures as 'parents'. The initial width for each well and barrier is set to 2Å
and the maximum width allowed is 100Å. The step length is then halved and the best structure between all daughter structures, coming from each parent, is kept.
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In this calculation the daughter structures were obtained by directly mutating the parents individually, without cross-fertilization between different parents. The search for the maximum is repeated until the step length is 1Å, which is the smallest step that can be realistically guaranteed experimentally. The method is computationally reasonably fast in finding the 85 global maximum of χ (2) . Certainly, in exceptional cases it may happen that the method finds only a local, rather than global maximum, but even then the result is practically useful. Table 1 shows different quantum well structures, optimised for χ (2) , found by this method, for different nonlinear interactions: SPDC denotes the spon-90 taneous parametric downconversion, followed by a number which denotes the idler photon energy in meV that was used in the design. Since the meaning of signal and idler in the SPDC case is interchangable, a structure name is chosen to be consistent with Figure 1 . E.g., the SPDC50 structure produces 50 meV and 150 meV photons, just as SPDC150 does, but the former has the 95 property that the intermediate state in it ishω s ≈ 150 meV from the ground 
state. It is interesting to note that the optimisation procedure delivers the SPDC50 energy configuration as globally optimal, i.e. having a larger χ (2) than that achievable in the best -but in fact only locally optimal -SPDC150 structure (the latter could be found by putting 100 additional constraints in the optimisation procedure). So, each entry in Table 1 corresponds to a particular nonlinear process in a particular optimised structure. All structures in Table 1 are GaAs quantum wells embedded in AlGaAs barriers with the Al concentration fixed to 48.1%. The highest χ (2) value in most cases is obtained for triple QW structures, so only these are used 105 in further discussion of SPDC entangled photon generation.
Resonantly enhanced nonlinearities are always accompanied with increased absorption, which has to be taken into account when considering the efficiency of optical processes. The absorption coefficient α, is found from the imaginary 6 part of the linear susceptibility (χ (1)" ) [1, p. 167], and is calculated from:
with ω is the photon angular frequency, c is the speed of light and
For resonant structures the absorption also peaks at pump and signal / idler photon energies.
Twin Photon Generation
The quantitative analysis of twin-photon generation in media which have optical losses have been presented in [4] . For non-degenerate twin-photon generation, the expression for the correlated twin (ω 1 , ω 2 ) photon flow is [4] :
and in the degenerate case, where the signal and idler frequencies are (almost) the same, the corresponding expression is [4] :
where
with β = 2πn p/2 /λ p/2 .
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The n i and α i in Equation (7) and (8) are the refractive index and absorption coefficient at photon frequency ω i , L is the length of the device, P 3 is the pump power, and κ is related to χ (2) via
where d eff = 0.5χ (2) , and k i is the wavenumber for photon i. A 3 is related to the intensity of the pump (a value of I 3 =1 kW/cm 2 was used in calculations), 7 with A 3 = 2I 3 /(ǫ 0 cn 3 ). The refractive indices n i in eq. (7) depend on the photon wavelengths. These are calculated using Sellmeyer's equation for GaAs and AlGaAs [5] , using the weighted average of the refractive indices for the 120 constituent binary compounds in the structure (this is justified because the wavelengths involved are far larger than any layer thickness in the structure).
The refractive index also depends on the temperature of the heterostructure [6] , and in these calculations room temperature was assumed.
The structures were designed / optimised for the largest χ (2) at the spec-
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ified values of ω s and ω i , but from (7) or (8) it is clear that the actual twin photon generation rate also depends on the structure length, and on the absorption at all the involved frequencies, and the transition linewidth will thus also indirectly influence the conversion efficiency. All this implies that the best performance may not even be necessarily obtained show that a larger linewidth requires a larger interaction length for the maximum efficiency, and even then this efficiency is smaller than for narrow linewidths.
Non-degenerate case
Furthermore, as shown in Fig. 3 , for realistic values of the linewidth (mid-range in Fig. 2 ) a structure may not perform best under the exact resonance conditions for which it is designed, i.e. some detuning from it may actually improve 160 the conversion, on account of the reduced absorption, despite the simultaneous decrease of the χ (2) value. Fig. 4 shows the nearly-degenerate twin-photon conversion efficiency, Eq.
Degenerate Case
(8), as it depends on the signal/idler frequency in the SPDC99 structure, cal-165 culated for a couple of different linewidths. The optimal interaction length, required for this conversion, is shown in Fig. 4(b) , but is limited to 100µm, both in order to keep phase-mismatching negligible and to have a very short SPDC converter. Fig. 4(c) shows the frequency dependence of χ (2) of this structure for different linewidths, this is clearly very different from the conversion efficiency,
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due to the influence of absorption.
Schmidt Number
The SPDC-generated twin-photon state can be written as [7] , 
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The amount of quantum entanglement (including polarization, spatial and spectral degree of freedom) between two-photon states generated in SPDC process can be quantified by the cooperativity parameter known as Schmidt Number K. The minimum allowed value of K is 1, which corresponds to no entanglement. Based on Eq. (10), if α(v + ) and φ(v − ) can be approximated as Gaussian functions, with the full width at half maximum (FWHM) of σ + (for the pump power) and σ − (for the twin-photon power) respectively, and if σ + ≪ σ − , the K value can be obtained from a simple analytical expression in Eq. (11) [7] :
The pump at these, mid-IR wavelengths is likely to be a quantum cascade laser, and typical bandwidths then are in the 550 kHz to 1.5 MHz range, e.g. [8] .
By varying the signal and idler frequencies we find that φ(v − ) indeed has an approximately Gaussian shape, and its K value is given Table 2 (using a PEF bandwith of 1 MHz, i.e. σ + = 4.239 × 10 −6 meV), which would imply a good 185 degree of twin-photon entanglement, although not as high as predicted for SPDC process in transparent nonlinear bulk materials [7] .
Conclusion
Optimization of quantum well structures to deliver large second-order nonlinear susceptibility χ (2) , useful for the frequency-entangled twin-photon genera-
190
tion by spontaneous parametric down-conversion, was performed using a genetic 13 over structures where this spacing is small.
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Appendix A. General χ (2) Expansion Equation (A.1x)
